A linearised Reimann solver for the time-dependent Euler equations of gas dynamics by Toro, E. F.



A LINEARISED RIEMANN SOLVER FOR THE TIME-DEPENDENT 
EULER EQUATIONS OF GAS DYNAMICS. 
by 
E F Toro 
Department of Aerodynamics and Fluid Mechanics 
College of Aeronautics 
Cranf ield Institute of Technology 
Cranfield, Beds. MK43 OAL, England 
ABSTRACT 
The time-dependent Euler equations of G a s  Dynamics a re  a set  of non-linear 
hyperbolic conservation laws that  admit discontinuous solutions (e.g.shocks). 
In this paper we are concerned with Riemann-problem based numerical methods 
for solving the general initial-value problem for  these equations. 
W e  present an approximate, linearised Riemann solver for the time-dependent 
Euler equations. The solution is direct and involves few and simple arithmetic 
operations. The Riemann solver is then used, locally, in conjunction with the 
WAF numerical method t o  solve the time-dependent Euler equations in one and 
two space dimensions with general initial data. For flows with shocks waves of 
moderate strength the computed results are very accurate. For severe flow 
regimes we advocate the use of the present linearised Riemann solver in 
combination with the exact Riemann solver in an adaptive fashion. Numerical 
experiments demonstrate tha t  such an approach can be very successful. One and 
two-dimensional test problems show that  the linearised Riemann solver is used 
in over 99 9. of the flow field producing net computing savings by a factor of 
about 2. A reliable and simple switching criterion is also presented. Results 
show tha t  the adaptive approach effectively provides the resolution and 
robustness of the exact Riemann solver at the computing cost of the simple 
linearised Riemann solver. The relevance of the present methods concerns the 
numerical solution of multi-dimensional problems accurately and economically. 
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1. INTRODUCTION. 
Riemann-problem based methods (or RP methods) have made a significant 
impact in Computational Fluid Dynamics in the last decade. Their initial 
success f o r  compressible, time-dependent inviscid flows with shock waves has 
been extended t o  other hyperbolic flows such as steady supersonic flows, 
shallow water flows and more recently, t o  parabolic flows such as the 
compressible Navier Stokes equations. 
Key characteristics of RP methods is their ability to  capture shock waves 
and other sharp features with optimal resolution and without the spurious 
oscillations (or much reduced) of traditional finite difference methods with 
added artificial viscosity. Their conservative character ensures correct 
positions of the computed shock waves and their robustness is a much 
appreciated feature, particularly in an industrial computing environment. 
Despite their  computational attractions, RP methods a re  more complex than 
traditional methods. Also, they a re  three t o  four times more expensive in 
computing time. The introduction of linearised Riemann solvers (e.g. Roe, 
1981, 1986) meant a significant step forward in terms of simplification of 
algorithms and reduction of computing expense. As  a result, however, accuracy 
and robustness f o r  some special but important flow regimes has been 
compromised. Examples are very strong shocks, low-density flows (Einfeldt et 
al, 1991) and shear waves. 
In this  paper we present another approximate Riemann solver based on a 
local linearisation of the Euler equations. The solution is direct and 
involves few and very simple arithmetic operations. The Riemann solver is then 
used in conjuntion with the Weighted Average Flux (or WAF, f o r  short)  
numerical method (Toro, 1989b) t o  solve the time-dependent, non-linear Euler 
equations. For flows containing shock waves of moderate strength, that  is 
pressure ratios of about three, the numerical results are very accurate. For 
severe flow regimes we advocate the adaptive use of the present Riemann solver 
in conjunction with the exact Riemann solver in a single numerical method. The 
WAF method offers  the necessary flexibility t o  do this, as it uses the exact 
solution of the Riemann problem or any approximation t o  it. To this end we 
also propose a simple and reliable switching criterion with little 
empiricism. 
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